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Relationship among Various Types of
Cone-Convexity of Vector-Valued Functions *\dagger
(Tamaki TANAKA \ddagger )
1. Introduction
( ) ( )
([6] [7]
)
([1], [2], [9], and [19] )
( [5], [8], [17], [20]
) ( ) (
)
preference order domination cone
preference order
A convex cone $C$ in a vector space $V$ induces the preference ordering
$\leq c$ in $V$ as follows: For $z_{1},$ $z_{2}\in V$ , we write
$z_{1}\leq cz_{2}$ if $z_{2}-z_{1}\in C$ . (1)
domination cone $C$ pointed (i.e., $C\cap(-C)=\{0\}$ ) preference
ordering $\leq c$ antisymmetric ( ) $(V,$ $\leq c)$
[5] [18]
[3], [4], [11], [12], [16] [13], [14]
’AMS subject classiflcations. $90C31,90D35$
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for Encouragement of Young Scientists) from the Ministry of Education, Science and Culture
of Japan.
\ddagger $036$ 3 (Department of Information Science, Faculty of Science,







Convex Separation Theorems Cone Separation Theorems
$f$ : $Xarrow V$ ( $V$ $R$ )
$Y=f(X)$ (C-convex)
(2) (Browder
) — ( )





cone-convexity (natural C-convexity) (
) 5
Prop. 4.2 in [3]
Lemma 3.1 in [18]
Theorem 3.1 in [20]
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2. Relationship among various types of cone-convexity
$E$ $Z$ 2 (t.v. $s.$ ) $C\subset Z$ [i.e.,
$\lambda C\subset C$ for every $\lambda\geq 0$ , and $C+C\subset C$ ], $Z$ preference ordering
$\leq c$ $E$ $X$
Z\iota c1A $E$ $Z$




Definition 1. Let $X$ be $a$ convex set in $E$ . A vector-valued function $f$ : $Xarrow Z$
is said to be C-convex on $X$ if
$f(\lambda x_{1}+(1-\lambda)x_{2})\leq c\lambda f(x_{1})+(1-\lambda)f(x_{2})$ (2)
$[ i.e., f(\lambda x_{1}+(1-\lambda)x_{2})\in\lambda f(x_{1})+(1-\lambda)f(x_{2})-C ]$ ,
for every $x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ .
(convex function)
[3], [4], [8], [12], [13], [14], [15], [16], [17]
(quasiconvex function) n ($\zeta properly$ quasi $c$:
convex”
Definition 2. Let $X$ be a convex set in $E$ . A vector-valued function $f$ : $Xarrow Z$
is said to be properly quasi C-convex on $X$ if either
$f(\lambda x_{1}+(1-\lambda)x_{2})\leq cf(x_{1})$ or $f(\lambda x_{1}+(1-\lambda)x_{2})\leq cf(x_{2})$ (3)
$[i.e., f(\lambda x_{1}+(1-\lambda)x_{2})\in(f(x_{1})-C)\cup(f(x_{2})-C) ]$ ,
for every $x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ .
[31, $[41, [11]$ , $[13|, [14],$ [ $15|,$ [ $16|$
Remark 1. As shown in Proposition 4.2 of [3], a C-convex function is not always
properly quasi C-convex, and vice versa.
3 convexl-ike “C-convexlike”
[15], [18]
( Lemma 1 )
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Definition 3. Let $X$ be a set in $E$ . A vector-valued function $f$ : $Xarrow Z$ is said
to be C-convexlike on $X$ if, for every $x_{1},$ $x_{2}\in X$ and A $\in[0,1]$ , there exists $x\in X$ such
that
$f(x)\leq c\lambda f(x_{1})+(1-\lambda)f(x_{2})$ (4)
$[ i.e., f(x)\in\lambda f(x_{1})+(1-\lambda)f(x_{2})-C ]$ .
cone-convexity ‘ Lemma 1 [18]
Lemma 3.1 [20] Theorem 3.1
Lemma 2. Let $X$ be a convex set in E. Every C-convex function on $X$ is also a
C-convexlike function.






Definition 4. Let $X$ be a convex set in $E$ . A vector-valued function $f$ : $Xarrow Z$
is said to be quasi C-convex on $X$ if it satisfies the two equivalent conditions:
$\forall z\in Z$, $A(z):=-\{x\in X|f(x)\leq cz\}$ is convex or empty, (5)
$\forall x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ , $f(\lambda x_{1}+(1-\lambda)x_{2})\leq cz$ for all $z\in C(f(x_{1}), f(x_{2})),$ $(6)$
where the set $C(f(x_{1}), f(x_{2}))$ is the set of upper bounds of $f(x_{1})$ and $f(x_{2})$ , i.e.,
$C(f(x_{1}), f(x_{2}))$ $:=$ { $z\in Z|f(x_{1})\leq cz$ and $f(x_{2})\leq cz$ }.
Lemma 3. Let $X$ be a convex set in E. The conditions (5) and (6) are equivalent
to each other.
PRooF. We assume that $the\cdot condition(5)$ holds for a vector-valued function $f$ : $Xarrow$
$Z$ , and let $x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ . For all $z\in C(f(x_{1}), f(x_{2})),$ $x_{1},$ $x_{2}\in A(z)$ and
$A(z)$ is a nonempty convex set. Therefore, we have $\lambda x_{1}+(1-\lambda)x_{2}\in A(z)$ , and hence
$f(\lambda x_{1}+(1-\lambda)x_{2})\leq cz$ . Conversely, we assume that the condition (6) holds for a
vector-valued function $f$ : $Xarrow Z$ . If, for any $z\in ZA(z)=\emptyset$ , then the condition (5)
holds obviously. Assume that $A(z)\neq\emptyset$ . Let $x_{1},$ $x_{2}\in A.(z)$ and $\lambda\in[0,1]$ , then we have
$\lambda x_{1}+(1-\lambda)x_{2}\in X$ and
$f(x_{i})\leq cz$ $i=1,2$ ,
and hence $z\in C(f(x_{1}),f(x_{2}))$ . By assumption, we have $f(\lambda x_{1}+(1-\lambda)x_{2})\leq cz$ , and
thus $\lambda x_{1}+(1-\lambda)x_{2}\in A(z)$
cone-convexity
cone-convexity
Definition 5. Let $X$ be a convex set in $E$ . A vector-valued function $f$ : $Xarrow Z$
is said to be natural C-convex on $X$ if
$f(\lambda x_{1}+(1-\lambda)x_{2})\in[f(x_{1}), f(x_{2})]-C$ (7)
for every $x_{1,2}x,\in X$ and $\lambda\in[0,1]$ , where





Theorem 1. Let $X$ be a convex set in E. Then the following statements hold:
(i) Every C-convex function is natural C-convex.
(ii) Every properly quasi C-convex function is natural C-convex.
PROOF. (i) If a vector-valued function $f$ : $Xarrow Z$ is C-convex, for every $x_{1},$ $x_{2}\in X$
and $\lambda\in[0,1]$ we have (2), and hence the condition (7) holds.
(ii) If a vector-valued function $f$ : $Xarrow Z$ is properly quasi C-convex, for every
$x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ we have (3), and hence the condition (7) holds. $\square$
Theorem 2. Let $X$ be a convex set in E. Every natural C-convex function on $X$
is also a quasi C-convex function.
PROOF. Assume that a vector-valued function $f$ : $Xarrow Z$ is natural C-convex, and
let $x_{1},$ $x_{2}\in X$ and $\lambda\in[0,1]$ . Then there exists $\mu\in[0,1]$ such that
$f(\lambda x_{1}+(1-\lambda)x_{2})\leq c\mu f(x_{1})+(1-\mu)f(x_{2})$ , (8)
and we have
$\mu f(x_{1})+(1-\mu)f(x_{2})\leq cz$ (9)
for all $z\in C(f(x_{1}), f(x_{2}))$ . From (8) and (9), it follows that
$f(\lambda x_{1}+(1-\lambda)x_{2})\leq cz$
for all $Z\in C(f(x_{1}),$ $f(x_{2}))$
PROOF. Let $f$ : $Xarrow Z$ be a continuous natural C-convex function, and $x_{1},$ $x_{2}\in X$
and $\lambda\in[0,1]$ . If $f(x_{1})\leq cf(x_{2})$ or $f(x_{2})\leq cf(x_{1})$ , then obviously the condition (4)
holds. Assume that $f(x_{1})\not\leq cf(x_{2})$ and $f(x_{2})\not\leq_{c}f(x_{1})$ . We suppose to the contrary that
the function $f$ is not C-convexlike. Then, there exists a scalar $\lambda_{0}\in(0,1)$ such that
$f([x_{1}, x_{2}])\cap(\lambda_{0}f(x_{1})+(1-\lambda_{0})f(x_{2})-C)=\emptyset$ , (10)









$;= \bigcup_{\lambda_{0}\leq\lambda\leq 1}C(\lambda)\backslash C(\lambda_{0})$
.
We are going to show that
cl $H_{0}\cap H_{1}=\emptyset$ and $H_{0}\cap c1H_{1}=\emptyset$ .
In order to show that cl $H_{0}\cap H_{1}=\emptyset$ , we suppose to the contrary that there exists $z\in$




for each $\alpha$ . Since the set $[f(x_{1}), f(x_{2})]$ is compact, there exist subnets $\{\lambda_{\beta}\}$ and $\{d_{\beta}\}$ such
that
$\lim_{\beta}\lambda_{\beta}=\hat{\lambda}$
for some $\hat{\lambda}\in[0, \lambda_{0}]$ and
$\lim_{\beta}d_{\beta}=\hat{\lambda}f(x_{1})+(1-\hat{\lambda})f(x_{2})-z$ .
We denote the latter limit by $\hat{d}$ , and then $\hat{d}\in c1C=C$ . On the other hand, by $z\in H_{1}$ ,






Then we have $z_{1}=z+$ and $z_{2}=z+d^{*}$ Since
$0 \leq\frac{\lambda^{*}-\lambda_{0}}{\lambda^{*}-\hat{\lambda}}\frac{\lambda_{0}-\hat{\lambda}}{\lambda^{*}-\hat{\lambda}}\leq 1$






and hence $z\in C(\lambda_{0})$ . This is a contradiction to (11).
Similarly, we can show that $H_{0}\cap c1H_{1}=\emptyset$ . Thus the sets $H_{0}$ and $H_{1}$ are separated.
Moreover, from natural C-convexity of $f$ and (10), it follows that
$f([x_{1}, x_{2}])\subset H_{0}\cup H_{1}$ .
Also,
$f([x_{1}, x_{2}])\cap H_{i}\neq\emptyset$ $(i=0,1)$ .
3. Conclusions
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$f(\lambda x_{1}+(1-\lambda)x_{2})\leq m_{(}’\iota x\{f(x_{1}), f(x_{2})\}$
properly quasi C-convex natural C-convex quasi C-convex 3
properly
quasi C-convex C-convex natural C-
convex
domination cone $C$ int $C\cup\{0\}$
C-convex (See Definition 3.5 in [14])
properly quasi C-convex [11] Definition
4.3 [14] Definition 4.4 (12)
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